We study the quasiparticle excitation and quench dynamics of the one-dimensional transverse-field Ising model with power-law (1/r α ) interactions. We find that long-range interactions give rise to a confining potential, which couples pairs of domain walls (kinks) into bound quasiparticles, analogous to mesonic bound states in high-energy physics. We show that these bound states have dramatic consequences for the non-equilibrium dynamics following a global quantum quench, such as suppressed spreading of quantum information and oscillations of order parameters. The masses of these bound states can be read out from the Fourier spectrum of these oscillating order parameters. We then use a two-kink model to qualitatively explain the phenomenon of long-range-interaction-induced confinement. The masses of the bound states predicted by this model are in good quantitative agreement with exact diagonalization results. Moreover, we illustrate that these bound states lead to weak thermalization of local observables for initial states with energy near the bottom of the many-body energy spectrum. Our work is readily applicable to current trapped-ion experiments.
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Long-range interacting quantum systems occur naturally in numerous quantum simulators [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . A paradigmatic model considers interactions decaying with distance r as a power law 1/r α . This describes the interaction term in trapped-ion spin systems [3, [11] [12] [13] [14] [15] , polar molecules [16] [17] [18] [19] , magnetic atoms [5, 20, 21] , and Rydberg atoms [1, 2, 22, 23] . One remarkable consequence of long-range interactions is the breakdown of locality, where quantum information, bounded by linear 'light-cones' in short-range interacting systems [24] , can propagate super-ballistically or even instantaneously [25] [26] [27] [28] [29] . Lieb-Robinson linear light-cones have been generalized to logarithmic and polynomial light-cones [25, 26, 30] , and nonlocal propagation of quantum correlations in one-dimensional (1D) spin chains has been observed in trapped-ion experiments [12, 13] . Moreover, 1D long-range interacting quantum spin chains can host novel physics that is absent in their short-range counterparts, such as continuous symmetry breaking [31, 32] .
More recently, it has been shown that confinement-which has origins in high-energy physics-can instead drastically slow down the propagation of quasiparticles and quantum correlations in short-range interacting systems [33] . Owing to confinement, quarks cannot be directly observed in nature as they form mesons and baryons due to strong interactions [34, 35] . An archetypal model with analogous confinement effects in quantum many-body systems is the 1D shortrange interacting Ising model with both transverse and longitudinal fields [36] [37] [38] [39] . For a vanishing longitudinal field, pairs of domain-wall quasiparticles propagate freely and map out light-cone spreading of quantum information [40] . However, as first proposed by McCoy and Wu [41] [42] [43] , a non-zero longitudinal field induces an attractive linear potential between two domain walls and confines them into mesonic bound states. Recently, Kormos et al. theoretically investigated the effect of these bound states on quantum quench dynamics and showed that the confinement of domain walls strongly suppresses the spreading of quantum information [33] .
In this work, we study the non-equilibrium dynamics of the long-range interacting transverse-field Ising model without a longitudinal field after a global quantum quench. We find that long-range interactions, in certain cases, instead of facilitating propagation of information [25] [26] [27] [28] [29] , strongly confine quasiparticle spreading. Long-range interactions introduce an effective attractive force between a pair of domain walls, thus confining them into a bound state, analogous to the meson in high-energy physics. We calculate time-dependent order parameters and connected correlation functions, both of which show strong signatures of confined dynamics. The masses of these bound states-the energy gaps relative to the ground state-can be extracted from the Fourier spectrum of time-dependent order parameters [33] . We use a two-kink model, i.e. we restrict spin configurations to states with only a pair of domain walls (kinks), to explicitly show that the confinement potential comes from long-range interactions. The two-kink model also gives good predictions for the bound states' masses and their dispersion relations. Furthermore, we study the effect of bound states on thermalization for different initial states. We find that initial states with energies near the bottom of the many-body energy spectrum exhibit weak thermalization [44, 45] , which might help protect ordered phases in the prethermal region [46] [47] [48] . Our work is well within the reach of current trapped-ion experiments [15] and other atomic, molecular, and optical (AMO) experimental platforms [1, 9, 49] .
The model.-Let us consider a quantum spin chain with long-range interactions, described by the following Hamiltonian,
where σ µ i are the Pauli matrices on site i, L is the system size, r ij is the distance between sites i and j (nearest-neighbor spacing is assumed to be equal to 1), J sets the overall energy scale (taken to be 1 without loss of generality), B is a global transverse magnetic field, and α describes the power-law decay of long-range interactions. In this work, we consider periodic boundary conditions unless otherwise specified (r ij is then the shortest distance between sites i and j).
In the nearest-neighbor interacting limit (α → ∞), H is exactly solvable via a Jordan-Wigner mapping to spinless fermions. It exhibits a second-order phase transition at B = 1, which separates the ferromagnetic and paramagnetic phases [50] . The phase transition persists if one turns on longrange interactions; however, the critical value of B increases [51, 52] . In trapped-ion experiments, the range of the powerlaw exponent can be tuned within 0 < α < 3 by changing the detuning of the applied optical fields from phonon sidebands. We restrict the numerics to α > 1 in order to ensure a wellbehaved thermodynamic limit (the case of α ∈ [0, 1] will be briefly discussed later). Several experiments have investigated the real-time dynamics of the above model (or closely related models), including dynamical phase transitions [15, 53] , the non-local propagation of correlations [12, 13] , the timecrystal phase [46] , and many-body localization [14] .
Quench dynamics.-Let us first study the quench dynamics of the above model. We focus on a simple initial state with all spins polarized in the z direction, |Ψ 0 = |... ↑↑↑ ... , which can be easily prepared in trapped-ion experiments [15] . The system is allowed to evolve under the Hamiltonian (1). This is equivalent to a global quantum quench from zero to finite B. In order to explore the physics of domain walls, we focus on quantum quenches within the ferromagnetic phase [40, 54] . Finally, while we have chosen a spin-polarized initial state, confinement persists when the initial state is chosen as the ground state of Eq. (1) with B in the ferromagnetic region. [15] . The dashed lines show the mesonic masses (mi) and their differences (mij ≡ mj − mi) calculated using the two-kink model.
We use the Krylov-space method to simulate the quench dynamics of our system [55, 56] . Figs. 1(a)-(c) show the equal-time connected correlation functions, σ
, after the sudden quench (we take k to be the central lattice site). In the short-range interacting limit [ Fig. 1(a) ], we recover the integrable case, where correlations spread within a linear light cone since quasiparticles (domain walls) propagate freely after they are produced by the global quantum quench [33, 40] . Increasing the Ising interaction range (decreasing α) strongly suppresses the spreading of σ z j (t)σ z k (t) c , as clearly seen from Figs. 1(b) and 1(c). Such slow dynamics is also reflected in the growth of the entanglement entropy, S A (t) = −Tr[ρ A (t)ln(ρ A (t))], where ρ A (t) is the reduced density matrix of one half of the chain. Indeed, entanglement growth is slower for smaller α (Fig. 1(d) ). Interestingly, such suppressed spreading of correlations is contradictory to the general expectation that long-range interactions facilitate information transport, as also seen in Refs. [28, 57] Within the confined information propagation front, σ For Fig. 2(b) , we use parameters and probing time relevant to current trapped-ion experiments [12, 13, 15] . Different from the rapid exponential decay of the magnetization for the short-range case, σ z (t) exhibits periodic oscillations with almost no decay in the time window we are showing. We emphasize that the qualitative change in dynamics is caused by the long-range interactions, not by an additional longitudinal field as in the short-range interacting case [33] . The Fourier spectrum [58] of σ z (t) illustrates that the oscillations are associated with multiple different frequencies (Figs. 2(c) and 2(d)). As we will see, these frequencies are in good agreement with the masses (and their differences) of domain-wall bound states, confirming their important role in the suppression of correlation spreading. Two-kink model and bound states.-To understand these results, we use a two-kink model to perturbatively study the low-energy excitations of Eq. (1). The two-kink model has been used to phenomenologically study the confinement of excitations in short-range interacting quasi-1D compounds [36, 59] . The idea is to restrict the Hilbert-space to two domain-wall states [see inset of Fig. 3(a) ], where regions of different magnetization are separated by the two domain walls. The projected model is expected to work well when B is much smaller than J [33] .
The Hilbert space of the projected model is spanned by states of n down-spins (clustered together) which we represent as: |j, n = |... ↑↑↓ j ↓ ... ↓↓ (j+n−1) ↑↑ ... , where j is the starting position of the cluster. The projected Hamiltonian, H = PHP, where P is the projection operator to the twodomain-wall subspace, acts on |j, n as follows,
Here, we have defined the potential energy as V (n) = j, n|H|j, n − Ψ 0 |H|Ψ 0 . For our translational invariant system, the momentum k is a good quantum number, and H is diagonal in the momentum basis. Fourier transforming the two-domain-wall state,
For an infinitely large system, the potential energy of a twodomain-wall spin configuration is
where ζ(α) = ∞ z=1 1 z α denotes the Riemann zeta function. As plotted in Fig. 3(a) , V (n) increases with the distance between domain walls. For the short-range model studied by Kormos et al. [33] , the confining potential is due to an additional on-site longitudinal magnetic field. In our case, the confining potential is intrinsically generated by long-range interactions.
The picture now becomes clear: the long-range Ising interaction gives rise to an effective potential, which increases with separation between domain walls, while the transverse magnetic field acts as kinetic energy for the two domain walls (increasing or decreasing the size of the cluster). Therefore, pairs of domain walls, which are freely propagating in the short-range interacting limit, become bound states when α decreases. Note that V (n) has an upper bound when α > 2, as illustrated in Fig. 3(a) (see Supplemental Material [60] ). This indicates that the lower part of the energy spectrum [obtained by diagonalizing Eq. (3)] is composed of domain-wall bound states, while above some energy threshold, we have a continuum of states [shown in Fig. 3(b) ]. For α ≤ 2, all states within the two-kink model are bound states as V (n) → ∞ as n increases [60] . Fig. 3(b) shows the energy spectrum calculated by the twokink model (blue dots) and exact diagonalization (ED) of the full Hilbert space (red dots). As we can see, the energy spectrum agrees well for the two methods, demonstrating that lowenergy excitations are dominated by two-domain-wall states. The bound states' masses [61] and dispersion relations can be simply read out from the energy spectrum. The Fourier fre- their differences) calculated using the two-kink model. Now such oscillations can be easily understood in terms of these bound states. After the domain walls are produced by the global quench, the interaction between them becomes larger as they separate further and thus, they are confined and oscillate before eventually thermalizing.
We compare the smallest bound state mass, m 1 , as a function of α calculated using the two-kink model (blue) and ED (red) in Fig. 3(c) . For a large range of α, we see excellent agreement between the two methods, and the numerical difference does not increase for larger L [inset of Fig. 3(c) ]. The masses increase with L as longer chains have more interaction terms [60] . However, V (n) is finite in the thermodynamic limit, since the Riemann zeta function converges for α > 1 [62] . This leads to finite masses, even for an infinite system when α > 1 (see Supplemental material [60] ). Fig. 3(d) shows the system-size dependence of m 1 . The mass calculated from the two-kink model indeed exhibits convergence in the thermodynamic limit. For the two-kink model, the difference between m 1 and its thermodynamic value, m 1,∞ , scales as (1/L) β , with β ≈ α − 1 [60] , as shown in the inset. While we cannot verify convergence using ED, we do observe similar scaling of m 1 [inset of Fig. 3(d) ]. For 0 ≤ α ≤ 1, V (n) becomes infinite, even for finite n, and thus the bound states have infinite energy (as the Riemann zeta function diverges for 0 ≤ α ≤ 1 [62] ), consistent with the results of Ref. [57] .
Strong and weak thermalization.-The Eigenstate Thermalization Hypothesis postulates that, for typical nonintegrable systems, the expectation value of a local observable asymptotically approaches a stationary value given by a thermal ensemble [63, 64] . For the quenches considered above, both the quasiparticle propagation and entanglement entropy growth are quite slow (Fig. 1) . This indicates that the bound states may suppress thermalization for a long time. We note that previous studies of the short-range transverse-field Ising model with a longitudinal field have observed strong or weak thermalization for a different set of initial states [44, 45, [65] [66] [67] [68] . Strong thermalization occurs when expectation values of local observables rapidly converge to their thermal values; while, for weak thermalization, there are persistent oscillations of these observables (until they eventually thermalize) [44, 45] . Here, we illustrate that these two distinct thermalization behaviors occur in the long-range Ising model and that weak thermalization can be attributed to the domain-wall bound states.
In order to see this, we choose two initial states with the same quenched Hamiltonian. We choose the initial states to be polarized product states: |Z + = j |↑ j (the same state considered before) and |Y + = j 1 √ 2 (|↑ j + i |↓ j ) [44] . For |Z + , the energy expectation value is near the bottom of the spectrum. We thus expect the dynamics to be dominated by the bound states discussed above. On the other hand, the energy expectation value of |Y + is exactly zero, which is far above the energies of the bound states. We therefore expect the bound states to have little effect on dynamics in this case, leading to faster thermalization.
We calculate the difference between the timedependent expectation value of single-body observables, σ µ (t) , and their thermal expectation value, σ µ th = tr(e −βΨH σ µ )/tr(e −βΨH ), where the temperature, 1 βΨ , is determined by (see for example, [69] ):
tr(e −βΨH ) .
Here, |Ψ denotes the initial state. As illustrated in Fig. 4(a) , for |Y + , all single-body observables converge to σ µ th rapidly, indicating strong thermalization, as expected. For |Z + , we instead observe strong oscillatory behavior, with Fourier frequencies consistent with the masses of the bound states, around σ µ th [ Fig. 4(b) ]. Within the time window shown, we observe almost no decay of these observables, indicating much slower thermalization compared to |Y + [44, 45] .
Conclusions and outlook.-We have found that the lowenergy excitations of the long-range transverse-field Ising model are confined domain walls. These bound states, which form due to long-range interactions, strongly suppress information propagation as well as lead to the oscillatory behavior of order parameters and weak thermalization. Long-rangeinteraction-induced confined dynamics can be readily investigated in current trapped ion experiments [15] and other AMO system with long-range interactions [1, 9, 49] . The slow thermalization induced by long-range interactions has potential applications for stabilizing non-equilibrium phases of matter in the prethermal region, such as time-crystals [46] [47] [48] and Floquet symmetry-protected topological phases of matter [70] [71] [72] [73] [74] . Finally, it would be interesting to study the effects of long-range interactions on quench dynamics of q-state Potts models, which admit mesonic, as well as baryonic excitations [75] [76] [77] .
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Supplemental Material Scaling and Convergence Analysis of Confining Potential
In this section, we provide a detailed analysis on the scaling and convergence of the potential that appears in the two-kink model. We use integrals to approximate sums. While this does not give an exact value for the potential, we will see that scaling exponents given by this approximation agree well with numerics presented in the main text.
We use V (n, L, α) to denote the potential energy of a two-domain-wall state with length n on a finite chain of length L. The potential can be rewritten in the following form:
Note that Eq. (4) in the main text can be obtained by taking the above equation to the thermodynamic limit. We now approximate the above sums with integrals, which gives V (n, L, α) = 2 
After approximating the remaining sum, we obtain
Three comments are in order: (i) The second term in the above expression tells us that, for finite n, the potential is finite in the thermodynamic limit (L → ∞) only when α > 1. Therefore, the masses of these bound states are finite when α > 1. This agrees with the convergence properties of the Riemann zeta function.
(ii) For a finite system, the potential V (n, L, α) scales as c 0 − c 1 /L α−1 . Since all the potential energies of the two-domain-wall states have such scaling, the masses given by eigenenergies of Eq. (3) in the main text should also have the same scaling. This implies that β (defined in the caption to Fig. 3 of the main text) is equal to α − 1, which is in agreement with the numerical results presented in the inset of Fig. 3(d) . (iii) Because of the first term of the above equation, V (n) goes to infinity when n goes to infinity for 1 < α ≤ 2, while it is upper-bounded when α > 2. This is also reflected in Fig. 3(a) of the main text. Therefore, when α > 2, the two-kink model predicts that only the lower part of the energy spectrum is composed of bound states. In other words, for a high enough energy, we have a continuum of states. However, for α ≤ 2, all eigenstates of the two-kink model are bound quasiparticles.
